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6 Sampling and Reconstruction

6.1 Sampling

Definition 6.1. Sampling is the process of taking a (sufficient) number
of discrete values of points on a waveform that will"define the shape of the
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Figure 47: The Sampling Process

e In this class, the [SignalNisisamplediatianuniformirateioncereverynas

seconds.

mln] = m(nT.) = m(t)|i-u.

Sampliny ‘ate- val

e We refer to 7§ as the sampli‘ng period, and to its reciprocal fs = 1/T
as the sampling rate which is measured in samples/sec [Sa/s].
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e At this stage, we assume “infinite” precision (no quantization) for each
value of m[n].

e The reverse process is called “reconstruction”.

6.2./Sampling = loss of information? If not, how can we recover the original
waveform back.

e The'more samples you take, the more accurately you can define a wave-
form.

e Obviously, if the sampling rate is too low, you may experienceldistortion
(aliasing).

e The sampling theorem, to be discussed in the section, says that when
thelswaveform is band-limited; if the sampling rate is fast enough, we can
reconstruct the waveform back and hence there is no loss of information.

o This allows us to|replace a'continuous time signal by a /discrete
sequence of numbers.

o Processing a continuous time signal is therefore equivalent to pro-
cessing a discrete sequence of numbers.

o In the field of communication, the transmission of a continuous
time message reduces to the transmission of a sequence of numbers.

Example 6.3. Mathematical functions are frequently displayed as contin-
uous curves, even though a finite number of discrete points was used to
construct the graphs. If these points, or samples, have sufficiently close
spacing, a smooth curve drawn through them allows us to interpolate in-
termediate values to any reasonable degree of accuracy. It can therefore be
said that the continuous curve is adequately described by the sample points

alone. _
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Example 6.5. In Figure 48, we plot the function g(t) = sin(1007¢) from
0 to 1 by connecting the values of the function at fifty uniformly-spaced
points.

1 e Figure 48: Plot of the function ¢(t) =

08 %fd X +  sin(1007t) from 0 to 1 by connecting the val-
0.6

ues at fifty uniformly-spaced points.
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Although the plot shows the correct shape of the sine wave, the perceived
frequency is just 1 Hz.

Theorem 6.6. Sampling Theorem: In order to (correctly and com-
pletely) represent an analog signal, the sampling frequency, fs;, must be
at least twice the@ighest frequency component]of the analog signal.

6.7. If the conditions of the sampling theorem are not satisfied, we expe-
rience an effect called aliasing in which different signals become indistin-
guishable (or aliases of one another) when sampled.

e The term “aliasing” also refers to the distortion or artifact that results
when the signal reconstructed from samples is different from the original
continuous signal.

Example 6.8. In Example [6.5 the frequency of the sine wave is 50 Hz.
Therefore, we need the sampling frequency to be at least 100.

6.9. For now, instead of trying to infer the “perceived” frequency by an-
alyzing the plot of the function in the time domain, it is easier to use our
plotspect function [fo visualize the location of the peaks (of the delta func-
tions) in the frequency domain.
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Example 6.10. Suppose the sampling frequency is 200 samples/sec. The
analog signal should not have the frequency higher than 100 Hz. This is
illustrated in Figure 49 in which cosine functions of different frequencies are
sampled with f, = 200.
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Figure 49: Our plotspect function can be used to visualize the “perceived” frequency of
a sampled signal.

6.11. Steps to find the “perceived” frequency of the sampled signal
when the sampling rate is f:
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Assume A 20, tre perceived L’f%- - alre 20

(a) For @OSI2A(f)E) we may use the “folding technique”:

(i) Consider the window of/frequency from0to f o

(ii) Start from 0, increase the frequency to fj.
Fold back at 0 and % if necessary.

Remark: By the symmetry in the spectrum of cosine, we can always
give a nonnegative answer for the perceived frequency.

For cw;“x (b) For- we use the “tunneling technique”:
expo-, Jo

can be negative; (i) Consider the window of/frequency from —fs to fs
pevceived ‘r""K-(ii) Start from 0.
can oho be i. Iflfo >0, increase the frequency to fo (going tothe right).

negative - Restart at — When 5 1s reached.
ii. If fg=<0; decrease the frequency to fo (going to the left).

Restart at +f s when — 2 is reached.

(¢) We will study a more general analysis in Section [6.3]
Example 6.12. Find the perceived frequency of cos (3007t) when the sam-

pling rate is 200 [Sa/s]. A = 3%;7 =150 Haz
)g =200
i ‘: f >; The Per:g..'./ocl '[Vt-‘k
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Example 6.13. Find the perceived frequency of ¢/3°™ when the sampling
rate is 200 [Sa/s]. £ =150Ra
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Example 6.14. In each part below, for the given value of fj, find the
perceived frequency of cos (27 fot) when the sampling rate is 88 [Sa/s].

a) fo =99
fo 88 _
0 27~
1 44 J
—————"}s88
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99 —88 = 11— ,
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| |
Perceived freq. = 11 Hz
b) f,=2019
fs B 88 B
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—l }chcat this 22 times =» Total = 88 X 22 = 1936
1 21 1 2019 — 1936 = 83
T
[P
: (83 - 44 =39,

Perceived freq. = 44 — 39 = 5 Hz

Example 6.15. In each part below, for the given value of fjy, find the
perceived frequency of e/27/0! when the sampling rate is 88 [Sa/s].

a) fo =99
s fs _ 88
2= 44 2o =44
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1 —i
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Perceived freq. = —44 + 39 = =5 Hz
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6.16. A cosine function at frequency fy can also be thought of as a combi-
nation of two complex exponential at frequency fy and — f,. Therefore, we
can also use the tunneling technique to analyze the cosine function as well
by looking at its individual complex-exponential components.

Example 6.17. Let’s consider a signal that is closer to Example [6.5. Sup-
pose we consider cos (1007t). The sampling rate used is 49 [Sa/s]. Find the
v

) t o
perceived frequency. 21207 yo Ha A= . ""’7‘_ . et
- Bl L7 . cos (1va7) =
@ Fo\au 3 "‘!C"\'\ 1“- @Tunﬂ&“‘ﬂ) 1"“!\'“306 2
11z —He He
—L —>F y —H—F—>f _
o! sus {’/Z = 24.5 -24.5 s i C lius 4/1 =24.5 e‘J t-’f“)'l-+ e'Jz”(.')t
o\ = —3 —B i =Dy 3 =
"1 ::J‘-'_ e—had i, i ; 0.5 cw (2-’7(_1)1‘.) .

Eéc'ample 6.18. Now, let’s consider the signal sin (1007t) discussed in Ex-
ample [6.5] Again, the sampling rate used is 49 [Sa/s|. Find the perceived

signal.
& JlooTE -ytoo77t

sin (1007t ) = € - e
)

LA ot
- e

sin(27(0F) =
%)

Example 6.19. Application of the sampling theorem: In telephony, the
usable voice frequency band ranges from approximately 300 Hz to 3400 Hz.
The bandwidth allocated for a single voice-frequency transmission channel
is usually 4 kHz, including guard bands, allowing a sampling rate of 8 kHz
to be used as the basis of the pulse code modulation system used for the
digital PSTN.

Definition 6.20.
(o) Givemasamplingfrequencyifi, the Nyquist frequency is f,/2.

(b) Given the highest (positive-)frequency component [fmax /of an analog
signal, B

m(#)
(i) the Nyquist sampling rate is/2fax and A\
(ii) the Nyquist sampling interval is 1/(2fiax)- k 5 A
- 8 B
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